We propose a fractional order model to study the efficacy of the Post-Exposure Prophylaxis (PEP) in human immunodeficiency virus (HIV) within-host dynamics, in the presence of the HIV latent reservoir. Latent reservoirs harbor infected cells that contain a transcriptionally silent but reactivatable provirus. The latter constitutes a major difficulty to the eradication of HIV in infected patients. PEP is used as a way to prevent HIV infection after a recent possible exposure to HIV. It consists of the in-take of antiretroviral drugs for, usually, 28 days. In this study, we focus on the dosage and dosage intervals of antiretroviral therapy (ART) during PEP and in the role of the latent reservoir in HIV infected patients. We thus simulate the model for immunologically important parameters concerning the drugs and the fraction of latently infected cells. The results may add important information to clinical practice of HIV infected patients.
Introduction
The human immunodeficiency virus (HIV) is a retrovirus, which impairs the host immune system, by destroying preferably the CD4 + T cells. These cells are essential to guarantee immune protection. They do so by helping B cells produce antibodies, inducing macrophages to develop enhanced microbicidal activity, recruiting neutrophils, eosinophils, and basophils to inflammation and infection sites, and, by producing cytokines and chemokines. A number of CD4 + T cells below a given threshold is a synonym of immunodeficiency. The organism is thus vulnerable to a broad set of infections, cancers and other diseases.
HIV occurs in two types: HIV-1 and HIV-2, and is transmitted by the exchange of HIV-infected body fluids, such as blood, semen, and genital secretions. It may also be transmitted from an HIV-infected pregnant woman to her child, during pregnancy, birth, or breastfeeding [1] .
HIV is a defying global health threat, responsible for more than 36.7 million infected people worldwide, and more than 35 million deaths, so far. In 2016, the number of deceased from HIV-related
Fractional Calculus-Short Recap
Fractional Calculus has been a hot research topic in the last few decades. Researchers from distinct scientific areas, theoretical and applied, have studied fractional order models to obtain a deeper understanding of real world phenomena [4, [12] [13] [14] [15] [16] [17] . Fractional order models are characterized by a 'memory' property, which brings additional information to analyze the systems' dynamical behaviors.
The classical definitions for a derivative of fractional (non-integer) order are the Caputo (C), the Riemann-Liouville (RL) and the Grünwald-Letnikov (GL). Let (0, t) be the interval, instead of (a, t), for simplification. The function y(τ) is smooth in every interval (0, t), t ≤ T. The RL definition reads:
where Γ is the Euler Gamma function. The Caputo definition is given by:
The GL definition is based on finite differences and is equivalent to the RL formula:
The memory effect in biology/epidemiology/immunology is extremely important, thus the appearance of fractional order models in the study of patterns arising in these models comes as a natural generalization of the integer order models [18] [19] [20] [21] . In [20] , the authors generalize an integer order model for HIV dynamics to include a fractional order derivative. In Arafa et al. [18] the authors generalize an integer order model for HIV dynamics to include a fractional order derivative. They conclude that the fractional order model provides a better fit to real data from 10 patients than the integer order model. Pinto [4] studies the role of the latent reservoir in the persistence of the latent reservoir and of the plasma viremia in a fractional-order (FO) model for HIV infection. The model assumes that (i) the latently infected cells may undergo bystander proliferation, without active viral production, (ii) the latent cell activation rate decreases with time on ART, and (iii) the productively infected cells' death rate is a function of the infected cell density. The model clarifies the role of the latent reservoir in the persistence of the latent reservoir and of the plasma virus. The non-integer order derivative is associated with distinct velocities in the dynamics of the latent reservoir and of plasma virus. In [12] , the authors study the effect of the HIV viral load in a coinfection fractional order model for HIV and HCV (hepatitis C virus) coinfection. HIV has a significant impact on the burden of the coinfection. Moreover, the order of the fractional derivative may pave the way to a better understanding of the individuals' compliance to treatment, the distinct responses of the immune system. The non-integer order derivative adds another degree of freedom to the model. In what concerns drug diffusion in tissues, there are some interesting results in the literature. In [22] , the authors propose non-integer order (fractional order) models to represent anomalous diffusion, memory effects and power-law clearance rates, typical of drug uptake and diffusion in a case-study of a drug used for cancer therapy. They conclude that fractional models avoid unbounded accumulation of drugs, seen in the integer order approach, and help to prevent life-threatening side-effects on patients. In 2017 [23] , the authors provide a review on pharmacokinetic models and propose their generalizations to fractional orders. The new models account for tissue trapping as well as short-and long-time recirculating effects. The benefits from such approach are twofold: (i) a better understanding of secondary effects on patients under treatment; and (ii) avoidance of unbounded drug accumulation.
With the aforementioned ideas in mind, we outline the paper as follows. In Section 2, we describe the proposed model. We follow with the computation of the reproductive number and the stability of the disease free equilibrium in Section 3. Then, in Section 4, we prove the global stability of the disease free equilibrium. The model is simulated and the corresponding results are discussed in Section 5. Finally, in Section 6, we conclude this work.
The Model
The model consists of seven classes: the healthy and susceptible CD4 + T cells, T, the healthy and non-susceptible CD4 + T cells, T R , the latently infected CD4 + T cells, L, the infected and infectious CD4 + T cells, I, the infected and non-infectious CD4 + T cells, I R , the HIV virus, V, and the drug concentration in the plasma, R.
CD4 + T cells are produced with rate λ and die with rate µ. These cells are infected by HIV and by infected CD4 + T cells at rates β 1 and β 2 , respectively. The healthy T cells are inhibited by drug at rate q. A fraction, η, of infected CD4 + T cells becomes latently infected. The latently infected CD4 + T cells become productively infected at a rate a L and die with a rate µ L . The infected CD4 + T cells die with rate a and are inhibited by drug at rate p. The virus are produced by infected CD4 + T cells at rate k and cleared at rate c. The dynamics of the drugs is as follows. For simplicity, we postulate that after taking the drug, the cell, T R , inhibits infection until it dies. We further assume that drugs are taken at times t = t k , and their effect is instantaneous. The latter results in a system of impulsive differential equations, with condition ∆R = ∆R k , where ∆R k is the dosage. For t = t k , the solutions are continuous and obey system (1) . The drug, R, is cleared at rate g.
The nonlinear system of fractional differential equations describing the model is given by:
where the parameter α ∈ (0, 1] is the order of the fractional derivative. The fractional derivative of the proposed model is used in the Caputo sense.
Reproduction Number
In this section, we compute the reproduction number of model (1) in the cases of no drug, R 0 , and of drug therapy, R d c , and the local stability of its disease-free equilibrium. The basic reproduction number is defined as the number of secondary CD4 + T cells infections due to a single infected cell in a completely susceptible population. We start with R 0 . We use the next generation method [24] .
The disease-free equilibrium of model (1) is given by:
Using the notation in [24] on system (1), matrices for the new infection terms, F 1 , and the other terms, V 1 , are given as follows. The chosen variables of the model are L, I and V and the procedure is identical to [24] .
The associative basic reproduction number R 0 is written as:
where ρ indicates the spectral radius of F 1 V −1 1 . The local stability of P 0 can be determined using Lemmas 1 and 2. Lemma 1. [25] The disease-free equilibrium P 0 of the system (1) is locally asymptotically stable iff all eigenvalues λ i of the linearization matrix of model (1)
Lemma 2. The disease-free equilibrium P 0 of the system (1) is unstable if R 0 > 1.
Proof. Let M 1 be given by:
Expanding, det (λ p I 4 − M 1 ) = 0, where I 4 is the 4 × 4 identity matrix, we have the following equation in terms of λ:
Now, the arguments of the roots of the equation, λ p + µ α = 0, are given by:
where j = 0, 1, .., (p − 1). Using Descartes' rule of signs, we find that there is exactly one sign change of the equation:
for R 0 > 1. Thus, there is exactly one positive real root of the aforesaid equation for which the argument is less than π 2M . As such, we conclude that if R 0 > 1 the disease-free equilibrium P 0 of the system (1) is unstable. Now, we discuss the dynamics of system (1) with drugs. The disease-free equilibrium of model (1) with drugs is given by:
Using the notation in [24] on system (1), matrices for the new infection terms, F 2 , and the other terms, V 2 , are given by:
In this case, the basic reproduction number R d c is computed to be:
where ρ indicates the spectral radius of F 2 V −1 2 . The stability of disease-free equilibrium in the case of the drug therapy, P 1 , can be determined using the following lemmas:
The disease-free equilibrium P 1 of the system (1) is locally asymptotically stable iff all eigenvalues λ i of the linearization matrix of model (1), satisfy |arg(λ i )| > α π 2 .
Lemma 4. The disease-free equilibrium P 1 of the system (1) 
Proof. Let M 2 be given by:
Expanding, det (λ p I 7 − M 2 ) = 0, where I 7 is the 7 × 7 identity matrix, we have the following equation in terms of λ:
Now, the arguments of the roots of the equation, λ p + µ α + q α R = 0, λ p + d α = 0, λ p + a α = 0, and λ p + g α = 0, are given by:
for R d c > 1. Thus, there is exactly one positive real root of the aforesaid equation for which the argument is less than π 2M . As such, we conclude that, if R d c > 1, the disease-free equilibrium P 1 of the system (1) is unstable.
Global Stability of the Disease-Free Equilibrium
In this section, we compute the global stability of the disease-free equilibrium P 1 of the model (1). Following Castillo & Chavéz [26] , we rewrite model (1) as:
where X = (T, T R , R) and Z = (L, I, V, I R ), with X ∈ R 3 + being the number of uninfected and non-susceptible CD4 + T cells and drugs, and Z ∈ R 4 + denoting the number of latent and infected CD4 + T cells, virus, and non-infectious CD4 + T cells.
The disease-free equilibrium is written as
The conditions (H 1 ) and (H 2 ) must be met to guarantee the global asymptotic stability of the disease-free equilibrium of the model (1):
where A = D Z G(X , 0) can be written in the form A = M − D, where M ≥ 0 (m ij ≥ 0) and D > 0 is a diagonal matrix. Υ 1 is the region where the model makes biological sense. If the system (10) satisfies the conditions in (11) the following theorem holds [26] .
Theorem 1. The fixed point U = (X , 0) is a globally asymptotically stable equilibrium of the system (10) provided that R d c < 1 and that the assumptions in (11) are satisfied.
Proof.
Let
and
All conditions are satisfied, thus U 0 is globally asymptotically stable.
Numerical Results
We simulate the model (1) for different values of the order of the fractional derivative, α and for clinically relevant parameters. We have applied the Predictor-Evaluator-Corrector-Evaluator PECE method of Adams-Bashford-Moulton type [27] . The parameters used in the simulations, based on [8, 28] , are: λ = 100 µL −1 day −α , µ = 0.1 day −α , a = 0.3 day −α , c = 3 day −α , k = 210 day −α , β 1 = 1.5 × 10 −5 day −α , β 2 = 1.5 × 10 −4 day −α , p = 0.1 µM −1 day −α , q = 0.1 µM −1 day −α , g = 2.7726 day −α , η = 0.03, a L = 0.1 day −α , µ L = 4 × 10 −3 day −α , R k = 2.5, τ = 0.5 day α , and the initial conditions are: T(0) = 1000, L(0) = I(0) = T R (0) = I R (0) = 0, V(0) = 50 and R(0) = 2.5.
In Figures 1 and 2 , we consider model (1) without PEP, for different values of the order of the fractional derivative, α. The concentration of CD4 + T cells decreases over time and with α. This suggests that the infection is more severe as α is lowered. This pattern is supported by the graphs in Figure 2 , where it is observed a ratio of healthy T cells to total T cells starting with 0.5 for α = 1.0, and decreasing for α = 0.9 and α = 0.7. Moreover, this ratio points to chronic infection, as the disease evolves, for all α. Figure 5 depicts the HIV viral load for a dosage R k = 5 and dosing interval τ = 0.5 day, for different values of the order of the fractional derivative, α. As it is shown, the dosage of the drug and the dosing interval are sufficient to control the infection, with the viral load going asymptotically to zero. Similar patterns are seen for all values of α, with higher initial viral load for smaller α, but faster velocity of convergence. Figure 6 shows the ratio of the infected CD4 + T cells to total CD4 + T cells in the presence and absence of PEP, with low drug dosage, for different values of the order of the fractional derivative, α. The ratio of infected to total CD4 + T cells is always smaller when patients are under PEP, when compared to the case without treatment. In the next figures, we study the effect of different treatment strategies in the dynamics of HIV. We start in Figure 7 with two different treatment strategies: drug perfect adherence and drug therapy breaks. The last strategy consists of intervals (days) in which the therapy is stopped (∆R k = 0) followed by intervals where there is perfect drug adherence. Perfect adherence therapy consists of taking a dosage ∆R k = R k for all t = t k . In Figure 7 , the drug therapy breaks consist of stopping drug application for two days, followed by drug perfect adherence strategy for five days. It is observed that the elimination of HIV from the body takes longer for drug therapy breaks. This is seen for all α. Moreover, despite a higher initial peak, the asymptotic HIV viral load is reached faster for smaller α. Figure 8 shows another example of the dynamics of the HIV, this time for three distinct treatment strategies: without treatment, drug perfect adherence, and drug therapy breaks. The intervals for the drug therapy breaks are in this case as follows. Five days of no drug administration, which are followed by five more days of perfect drug adherence strategy. The model provides oscillating solutions for the case of drug therapy breaks, as is seen in the figure.
In Figure 9 we show the dynamics of HIV for increasing values of the cell to cell transmission rate, β 2 , for three treatment strategies: no treatment, drug perfect adherence and drug therapy breaks, and for varying α. The drug therapy breaks strategy stops drug application for 15 days, followed by another 15 days of perfect drug adherence strategy. We observe higher peaks of the viral load and the corresponding curve, in the case of drug therapy breaks, is between the curves of no treatment and drug perfect adherence. This behaviour is repeated for all α.
The simulations of the model reveal that a combination of sufficient drug dosage and drug frequency may induce better efficacy of PEP. Drug perfect adherence strategy is always better than the other two. Nevertheless, one must think about the side effects of ART, though their toxicity has been reduced as medicine evolves and new treatment options appear.
We now proceed with the simulation of the effect of the latent reservoir in the dynamics of HIV infection, under the conditions of Figure 8 . We consider three treatment strategies: without treatment, drug perfect adherence, and drug therapy breaks. The intervals for the drug therapy breaks consist of 10 days. In the first five days, the drug is halted, whereas for the last five days, the perfect drug adherence strategy is applied. The difference from Figure 8 is in the value of η, which represents the proportion of latently infected CD4 + T cells. The value of η is reduced from 0.03 to 0.01. Figure 10 shows slight higher peaks of HIV for η = 0.01, in particular, for smaller values of α. No Treatment Drug Perfect Adhrence Drug Therapy Breaks Figure 9 . HIV, viral load, V, of system (1) for three different therapy strategies and for α = 1 (top left), α = 0.9 (top right) and α = 0.7 (bottom). Parameter values and initial conditions in the text, except R k = 1 and β 2 = 0.0015.
In Figure 11 , we plot the viral load for two values of η, the fraction of latent infected cells. We note that the asymptotic value of the virus is the same for all α. Nevertheless, there are subtle changes in the dynamics of the virus. In the transient are observed smaller values of HIV viral load for η = 0.03, whereas in the asymptotic value there is a switch in this behaviour, and higher values of HIV are seen for η = 0.03. This may be explained as follows. When η = 0.03 > η = 0.01, there are more latently infected cells in the body. If these cells encounter an antigen or are exposed to specific cytokines or chemokines, they become actively infected by proviral transcription. The latter causes viral rebound if a patient stops ART. This happens earlier for smaller values of α. Figure 11 . HIV, viral load, V, of system (1) for two values of η, the proportion of latently infected cells, and for α = 1 (top left), α = 0.9 (top right) and α = 0.7 (bottom). Parameter values and initial conditions in the text, except for R k = 2.5. For more information, see text.
Conclusions
We propose a model to study the effect of PEP and of the latent reservoir in the dynamics of HIV infection. We find that specific dosages and intervals are extremely important to control the infection. Moreover, we find that the latent reservoir may influence the dynamics of HIV, though slightly. This is understandable from a clinical point of view since the effect of the latent reservoir takes time to be felt and PEP is considered only in the first 28 days after exposure. After that, the person must be evaluated clinically to assess the adequacy of the treatment. The order of the fractional derivative, α, seems to help control the infection in the presence of PEP and increases the severity of infection when there is no PEP. We observe a somewhat 'synergistic' relation between PEP and α. The FO derivative may also help to distinguish other traits (age, immune system response, genetic profile), and this may help to devise better therapeutic regimens, that could improve patients' quality of life, either by diminishing the burden of the therapy or increasing the life span. Moreover, since HIV anti-retroviral therapy (ART) is extremely expensive, an 'optimal' (in the sense of more adjusted to each patient) therapy could also imply a reduction in the economic burden of HIV, especially in poor countries, such as the ones included in sub-Saharan Africa. Future work will focus on deepening these and other issues arising from the model.
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